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Abstract
Quantum-statistical correlation measurements in high-energy physics represent an important tool
to obtain information about the space-time structure of the particle-emitting source. There are
several final state effects which may modify the measured femtoscopic correlation functions. One of
these may be the interaction of the investigated particles with the expanding hadron gas, consisting
of the other final state particles. This may cause the trajectories – and hence the phases – of
the quantum-correlated pairs to be modified compared to free streaming. The resulting effect and
could be interpreted as an Aharonov–Bohm-like phenomenon, in the sense that the possible paths of a
quantum-correlated pair represent a closed loop, with an internally present field caused by the hadron
gas. In this paper, the possible role of the effect in heavy-ion experiments is presented with analytical
calculations and a simple numerical model. The modification of the strength of multi-particle Bose-
Einstein correlation functions is investigated, and the is found that in case of sufficiently large source
density, this effect may play a non-negligible role.
1 Introduction
Investigating particle correlations is a versatile tool often utilised in experimental particle and nuclear
physics. In general, many different physical processes lead to correlated particle production: collective
flow, jets, resonance decays, conservation laws. In high energy particle collisions, for identical bosons, the
main source of correlations at low relative momenta is the Bose–Einstein (BE) quantum statistics [1,2], or
in other words, the Hanbury Brown and Twiss (HBT) effect [3]. This is based on the indistinguishability
of the two identical bosons and their symmetrical pair wave-function. [4] These discoveries led to the birth
of femtoscopy [5], the goal of which field is to explore the femtometer-scale space-time geometry of the
particle emitting source by measuring Bose-Einstein correlation functions of identical bosons (or Fermi-
Dirac correlations of fermions). Besides quantum statistics, multiple phenomena affect the measured
momentum correlations, among which the most important are final state interactions [6].
Another effect that may be considered as modifying the momentum correlation functions is the in-
teraction with the surrounding hadron gas. One may view this as an Aharonov–Bohm-like effect [7], in
the sense that the path of any given pair is a closed loop, as illustrated in Fig. 1. The (electromagnetic,
strong, etc.) fields inside of this closed path cause a phase shift in the pair wave function, proportional
to the flux enclosed by the path. The phase shift, as discussed subsequently, modifies the effect of
the quantum-statistical correlations. In this paper, the possible role of this effect in heavy-ion collision
experiments is demonstrated.
The paper is structured as follows: in Section 2, an introduction to Bose-Einstein correlations in high-
energy physics is given and in Section 3, the role of randomly fluctuating fields in two- and three-particle
correlations is discussed. Then, in Section 4, a simple model is set up to give quantitative details on
how such a random field affects the Bose-Einstein correlation functions. Finally, Section 5 concludes the
discussion with the presentation of an observable that is sensitive to the aforementioned effect.
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Figure 1: Illustration of the effect discussed in this manuscript, where the Hubble-flowing hadron gas
is depicted with black arrows, along with a hypothetical particle path (not based on a calculation, just
drawn as an illustration). The test particle moves in a Hubble-expanding hadron-gas and interactions
with the other particles cause the movement of the particle to be modified. In reality, it is rather the
velocity of the particle that is modified, not the path. That nevertheless causes a phase-shift, modifying
quantum-statistical correlations.
2 Bose-Einstein correlations in high-energy physics
The two-particle momentum correlation function is defined, in general, as
C2(p1, p2) ≡ N2(p1, p2)
N1(p1)N1(p2)
, (1)
where N1(p) and N2(p1, p2) are the one- and two-particle invariant momentum distributions, with p1 and
p2 being the (four-)momenta. Neglecting final state interactions, the pair wave-function of bosons is a
symmetrised plane wave. This in turn leads [8] to the expression of the correlation function by means of
the phase-space density of the particle-emitting source S(x, p) as
C2(p1, p2) = 1 + Re
S˜(q, p1)S˜
∗(q, p2)
S˜(0, p1)S˜∗(0, p2)
, (2)
where q ≡ p1 − p2 is the relative momentum, complex conjugation is denoted by ∗, and S˜(q, p) denotes
the Fourier transform of the source:
S˜(q, p) ≡
∫
S(x, p)eiqxd4x. (3)
It is customary to introduce the average momentumK ≡ 2(p1+p2), and then, based on the smoothness
approximation [9], in the kinematic domain of p1 ≈ p2 ≈ K one obtains:
C2(q,K) = 1 +
|S˜(q,K)|2
|S˜(0,K)|2 . (4)
This equation essentially means, that the momentum correlations are connected to the source density
S(x, p), and hence by measuring these correlations, the femtometer-scale structure of the source can be
investigated.
From Eq. (4) it is clear that the correlation function takes the value 2 at zero relative momentum.
However, experimentally C2(0) = 1 + λ2, where λ2 is the so-called intercept parameter (or the strength
of the correlation function), and usually λ2 ≤ 1 holds. The formula for the correlation function then may
be empirically modified as
C2(q,K) = 1 + λ2
|S˜(q,K)|2
|S˜(0,K)|2 . (5)
This empirical fact can be understood in terms of the core-halo model [10]. This treats the source
as a sum of two components. One is the core, which consists of primordial hadrons mainly, and the
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Figure 2: A possible measurement setup with two point-like sources a and b, and two detectors A and B.
Fourier transform of this resolvable in momentum (q) space by the correlation measurement. The other
component is a much widerhalo, consisting of decay products of long-lived resonances (that travel much
farther than ' 10 fm: η, η′, ω, K0S , etc). The Fourier transform of the broad halo would be a very sharp
peak at q = 0, and this is experimentally essentially unresolvable. The intercept λ2 (i.e. the extrapolation
of the measured visible correlation function to zero relative momentum) is in this picture obtained as the
square of the fraction of pions coming from the core [10]:
λ2 = f
2
c , where fc =
Ncore
Ncore +Nhalo
. (6)
Hence λ2, the strength of the two-particle correlation measures the fraction of primordial pions. This leads
to an interesting application: the pair momentum (K) dependence of λ2 may reveal a mass decrease of the
“prodigal” η′ meson due to chiral UA(1) symmetry restoration [11–14]. The possible presence of partially
coherent pion production distorts the above picture [15, 16]. This can be illustrated after introducing
n-particle momentum correlations as
Cn(p1, . . . , pn) ≡ Nn(p1, . . . , pn)
N1(p1) · · · · ·N1(pn) and (7)
λn ≡ Cn(p1 = p2 = · · · = pn)− 1, (8)
i.e. λn is defined as the extrapolation of Cn to zero relative momentum. It turns out that multi-particle
Bose-Einstein correlation strengths are connected to the (partial) coherence of the fireball [15]:
λ2 = f
2
c [(1− pc)2 + 2pc(1− pc)] (9)
λ3 = 2f
3
c [(1− pc)3 + 3pc(1− pc)2] + 3f2c [(1− pc)2 + 2pc(1− pc)], (10)
λ4 = 9f
4
c [(1− pc)4 + 4pc(1− pc)3] + 8f3c [(1− pc)3 + 3pc(1− pc)2] + 6f2c [(1− pc)2 + 2pc(1− pc)], (11)
where pc = Ncoherent/Ncore. (12)
This means that a simultaneous measurement of at least λ2 and λ3 in two- and three-pion correlation
functions offers the possibility of investigation of coherent pion production and determination fc and
pc [17,18]. The above mentioned effects underline the importance of understanding the effects that may
modify the pair momentum dependence of λn.
Note furthermore that based on Eqs. (9)-(10), one can define [18] an fc independent combination κ3:
κ3 =
λ3 − 3λ2
2λ
3/2
2
=
1 + pc − 2p2c
(1 + pc)
√
1− p2c
. (13)
A departure of this parameter from unity, i.e. κ3 6= 1, would mean that phenomena beyond the core-halo
model have to be considered. One such phenomenon may be the above noted coherent pion production.
3 Strength of multi-particle Bose-Einstein correlations
In this section we investigate the effect of the surrounding hadron gas on multi-particle Bose-Einstein
correlations. In order to do so, let us recapitulate how the HBT effect can be explained in case of two
point-like sources [2]. As shown in Fig. 2, let there be two point like sources, a and b, at a distance of
R, emitting particles with wave functions Φa(r) and Φb(r) (in this scenario, clearly fc = 1 and pc = 0).
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Furthermore, let there be two detectors, A and B, separated by d, and at an L distance from the sources,
with d,R  L. These detectors measure the total single-particle densities at their respective locations,
Ψ(rA) and Ψ(rB). The coincidence amplitude is then Ψ(rA, rB), and the correlation function is:
CAB =
〈|Ψ(rA, rB)|2〉
〈|Ψ(rA)|2〉〈|Ψ(rB)|2, 〉 (14)
where 〈·〉 denotes a time average, which corresponds to a thermal average in case of thermal emission.
Let us note furthermore that as shown in Fig. 2, the possible paths of the pair form a closed loop, and
the fields enclosed within may modify the paths as well, such as in the Aharonov–Bohm effect. Here
we restrict ourselves on a more classical effect, which is however similar in nature. In this section, the
expression for the correlation function of Eq. 14 is derived for thermally emitted particles in a random
external field.
3.1 Two-boson correlations with thermal emission
Let the previously mentioned sources emit matter waves with wave number k (which we identify here
with momentum, in ~ = 1 & c = 1 units). For plane waves1, this can be expressed as:
Φa(r) = αe
ik(r−ra)+iφa , (15)
Φb(r) = βe
ik(r−rb)+iφb , (16)
where α and β are the strength of the individual sources, φa,b are the (thermal, chaotic) phases of the
waves emitted from each point, while k is the momentum or wave number (vector) of the waves. These
particles are detected in detectors A and B, where the single- and two-particle wave-functions are
Ψ(rA,B) = Φa(rA,B) + Φb(rA,B) (17)
Ψ(rA, rB) =
1√
2
(Φa(rA)Φb(rB) + Φa(rB)Φb(rA)) . (18)
In an approximation where d,R L, assuming uniformly distributed random thermal phases, for which
average of factors like ei(φb−φa) is zero, the correlation function is then:
CAB(q) =
〈|Ψ(rA, rB)|2〉
〈|Ψ(rA)|2〉〈|Ψ(rA)|2〉 − 1 = cos
kRd
L
= cos(Rq), (19)
where we utilised that d/L is the angle between the two detectors, hence kdL = q is the momentum
difference of the pair. At zero relative momentum, the correlation strength is:
λ2 = CAB(0) =
〈|Ψ(rA, rB)|2〉
〈|Ψ(rA)|2〉〈|Ψ(rB)|2〉
∣∣∣∣
q=0
− 1 = 1. (20)
3.2 Effect of a random field on two-particle correlation strengths
Let us now investigate the case where random phase-shifts have to be applied based on the path of the
particles (as it would be in case of a random field), i.e. instead of simply φa and φb, phases like φaA and
φaB (and similarly for a ↔ b) also appear. If φ = φaA + φbB − φaB − φbA is the total phase picked up
through the closed loop represented by the possible paths of the pair (as shown in Fig. 2), then one gets
CAB(q) =
〈|Ψ(rA, rB)|2〉
〈|Ψ(rA)|2〉〈|Ψ(rB)|2〉 − 1 = 1 + cos(Rq + φ). (21)
If all φxX type of phases are independent, Gaussian random variables with width σ, then the four-term
sum φ is also normally distributed, with a width of 2σ. When averaging on these “path-phases” (i.e.
taking the average 〈exp(iφ)〉φ in addition to the averaging over the thermal phases) one obtains:
CAB(q) = cos(R∆k)e
−2σ2 , and λ2 = CAB(0) = e−2σ
2
. (22)
1The whole calculation is similar for spherical waves, and identical in end result.
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3.3 Effect of a random field on multi-particle correlation strengths
Three-particle correlations are defined by generalising the setup of Fig. 2 to three sources (a, b, c) and
three detectors (A,B,C). The correlation function is then:
CABC(q) =
〈|Ψ(rA, rB , rC)|2〉
〈|Φ(rA)|2〉〈|Φ(rB)|2〉〉〈|Φ(rC)|2〉 , (23)
where q symbolises the momentum-differences within the triplet. The three-particle, symmetrised wave
function is
Ψ(rA, rB , rC) =
1√
6
(Φa(rA)Φb(rB)Φc(rC) + Φa(rB)Φb(rC)Φc(rA)+ (24)
Φa(rC)Φb(rA)Φc(rB) + Φa(rC)Φb(rB)Φc(rA)+
Φa(rA)Φb(rC)Φc(rB) + Φa(rB)Φb(rA)Φc(rC)).
The phase-averaged three-particle density has 6× 6 terms and would be very lengthy to write out, let us
just mention here that it has the shape
〈|Ψ(rA, rB , rC)|2〉 = 1
6
[6 + (30 cross-terms)] . (25)
Although the cross-terms are not explicitly written out here, it is important to note that all terms become
unity at zero relative momenta when there are no path-related phases just the thermal emission-related
phases. Therefore
λ3 = CABC(q)− 1 = 5. (26)
If there are random phases picked up in different paths, then these enter in the three-particle wave
function as terms like i(φaA +φbB +φcC)) (and other permutations) in the exponents. In the end, out of
the 6× 6 terms that appear in CABC , 6 are unity, 18 contain only pair-correlations (i.e. will contain four
φxX terms and hence contribute with exp(−2σ2)), and there are 12 genuine 3-particle correlation-like
terms (i.e. will contain six φxX phases, contributing with exp(−3σ2)). Summing all the random variables
φxX and taking their averages yields:
λ3 = CABC(0)− 1 = 3e−2σ2 + 2e−3σ2 . (27)
Similarly, four-particle correlations CABCD can also be calculated based on the 24-term symmetrised
plane-wave. Then the 24×24 terms in its absolute square can be counted (separately the ones with genuine
four-particle correlations, the ones with three-particle correlations and the ones with pair-correlations),
and and the result for the correlation strength at zero relative momentum is:
λ4 = CABCD(0)− 1 = 6e−2σ2 + 8e−3σ2 + 9e−4σ2 . (28)
One can observe in Eqs. (22), (27) and (28) that exp(−σ2) plays the role of the core fraction fc in
these calculations. The reason for this is that in both cases—the core-halo model and this random field
phenomenon—genuine pairs, triplets, etc. in the n-tuple give a fixed contribution to the correlation
function, and counting these gives an identical result with exp(−σ2) corresponding to fc.
If σ depends on momentum, then the above results yield a momentum-dependent suppression of two-
and three-particle correlation strengths λ2 and λ3. As σ represents the variance of path modification,
it is reasonable to expect it to decrease with momentum. Instead of assuming a momentum-dependence
however, in the next section we will estimate it via a simple toy model of a Hubble-expanding hadron
gas and a probe particle.
4 Quantitative estimations via a toy model
In case of heavy-ion collisions, after the hadronisation, hundreds of charged particles are created. These
produce an electromagnetic field around the path of the given particle-pair investigated for measuring
correlation functions. While—as also mentioned in the introduction—this may be interpreted as an
Aharonov-Bohm effect when the path possibilities of the pair are drawn as a closed loop, a simpler
picture is when just the path of each particle of the pair is modified by an additional phase due to the
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interaction with the hadron gas. The phase shift of the particles can be linked to the modification of the
time of flight (tTOF) of the particle to the detector.
To quantify the phase shift, a simple model is set up, in which the time of flight shift can be calculated
numerically. In this model, there are Nc normally distributed charged particles with a Gaussian width R,
zero net-charge, and a 3D Hubble-type of flow profile.2 A probe particle of mass m and initial momentum
p the lab-frame velocity is (in c = 1 units) v = p/
√
p2 +m2). Hence time that would be needed to reach
a distance d can be expressed as
t
(0)
TOF(d) = d
√
1 +
m2
p2
. (29)
This arrival time is modified by the electromagnetic interaction with the Hubble-expanding (and ever
diluting) hadron gas, and a time-shift of
∆t(d) = tTOF(d)− t(0)TOF(d) (30)
can be defined, where t
(0)
TOF shall be calculated based on the final momentum, modified by the electro-
magnetic scattering. While in an experimentally realised scenario, this difference is taken at a d of several
meters, in fact ∆t(d) converges much earlier. We found that ∆t(d) at a few tens of thousands of fm is
sufficiently saturated. In the subsequent part of this manuscript, ∆t denotes this saturated (converged)
value of ∆t(d). The time-shift is then connected to the phase-shift. In order to obtain that connection,
let us express the phase shift as
φ = ∆xk = ∆tv
p
~
= ∆t
p2
~
√
m2 + p2
, (31)
where we now explicitly write out ~ for the sake of numerical calculations. Based on this, the width of
the time-shift distribution, σt, is related to the phase-shift distribution, σ, as:
σ =
σtp
2
~
√
m2 + p2
. (32)
From a study of 8 million event-by-event fluctuating hadron gas clouds, Gaussian distributions of
time-shift ∆t emerged, with the width σt depending on initial probe-particle momentum p. The mo-
mentum dependence of σt, for two different values of both Nc and R, are shown in Fig. 3. Clearly σt is
decreasing with increasing probe particle momentum, as higher momentum particles are affected less by
the same charges. Furthermore, larger charge density results in larger time-shifts, i.e. a broader time-shift
distribution.
It is to be noted that the scenario where Nc = 1000 and R = 1.5 fm is realistic only for extremely
energetic p+p collisions. The scenario where Nc = 500 and R = 5 fm is more reasonable. The dependence
of σt on p in these two scenarios follows a similar pattern, with the absolute values differing, almost, by
one order-of-magnitude. The larger absolute values obtained for σt (with a smaller Nc and a larger R)
have tangible effects on the two- and three-particle correlation strengths, as illustrated in the following
section.
5 Results and discussion
From the σt(p) values shown in Fig. 3, σ(p) may be calculated based on Eq. (32). The resulting σ values
can then be substituted into Eqs. (22)-(27), and λ2 and λ3 can be plotted as functions of mt =
√
K2t +m
2
(where K = Kt at midrapidity, taken for comparability with experiment) as shown in Fig. 4. The
modification of the λ2,3 values as a function of mt is significant in case of the Nc = 1000, R = 1.5 fm
scenario: there is a decrease from zero momentum (due to the momentum dependent factor in Eq. (32)
being zero for p = 0), and after an extremal range for mt −mpi values between approximately 40 − 130
MeV/c, λ2,3 both increase again to their default value, due to the diminishing σt(p) values at large
momenta. The modification is similar, but much smaller in magnitude (few h changes) in case of the
Nc = 500, R = 5 fm scenario. These results indicate that there may be cases where this effect has to be
taken into account, especially at low pair transverse masses.
2Assuming Hubble-flow is a reasonable approximation for the evolution of the hadron gas created after freeze-out.
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Figure 3: The width of the time-shift (∆t) distribution, σt, as a function of p, for Nc = 1000 & R = 1.5
fm (solid black line) and for Nc = 500 & R = 5 fm (dashed blue line). Values at individual momenta
were smoothed via a cubic spline to remove numerical fluctuations. The shaded regions show the average
numerical variance.
Figure 4: The λ2 (right panel) and the λ3 (left panel) values versus mt −mpi from model simulations
(with fc = 0) at Nc = 1000 & R = 1.5 fm (solid, black line) and at Nc = 500 & R = 5 fm (dashed, blue
line). Values at individual momenta were smoothed via a cubic spline to remove numerical fluctuations.
The shaded regions show the average numerical variance (with negligible variance for the Nc = 500 &
R = 5 case, hence an extremely thin shaded band).
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6 Summary
In summary, the idea was presented in this study suggests that random phases picked up throughout the
flight towards the detector may distort the quantum-statistical correlations. As these correlations can
be interpreted based on closed loops, formed by the possible paths of the involved particles, this effect is
similar to the Aharonov–Bohm effect; where the additional phase is related to the fields enclosed by the
loop. In this paper, the multi-particle correlation strengths were connected to the width of the phase-shift
distribution. Subsequently, a simple model was presented where this width – and hence the modification
of correlation strengths – could be estimated. This model is, by no means, complete or currently capable
of delivering numerical results to be built upon. It shows nevertheless that, in principle, this phenomenon
can have a non-negligible effect on quantum-statistical correlations. In conclusion, it is suggested to take
the effect studied here into account when drawing conclusions on other physical phenomena related to
correlation strengths.
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